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Abstract 

The boson-pair coherent state developed in Part (I) is generahzed to the case in 
which the state is a mixture of even-boson and odd-boson number states. A general 
framework is shown and its three concrete examples are discussed. Main idea is in the 
application of the deformed boson scheme presented by the present authors. 
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1. Introduction 



In Part (I),^^ various forms of boson-pair coherent states were investigated. The main 
aim of this study is to describe the time-evolution of many-boson system in terms of the time- 
dependent variational method. The boson-pair coherent states play the role of the trial states 
for the variation. In (I), we treated two types of the boson- pair coherent states separately, 
but intimately. One type consists of the orthogonal states with even-boson number and 
the other with odd-boson number. With the aid of this treatment, we can describe the 
time-evolution of many even- and odd-boson states separately, but intimately. However, the 
conventional boson coherent state consists of the orthogonal states with the even- and the 
odd-boson numbers, and then, it may be powerful for describing the case in which the initial 
state is a mixture of the even- and the odd-boson numbers. But, the mixture is restricted 
to be of a special form. 

The main aim of the present paper. Part (II), is to present a possible form of the boson 
coherent state which consists of the orthogonal states with the even- and the odd-boson 
states. This is a superposition of the boson-pair states \ch) and \sh). The coefficients of the 
superposition are given by new parameters and their special case corresponds to the conven- 
tional boson coherent state. The basic idea comes from that proposed by the present authors 
in Ref.2). In Ref.2), we investigated the boson-pair coherent state under a close connection 
to the su{l, l)-spin with the magnitudes i = 1/4 and 3/4. In the present paper, this case 
is generahzed to any one. The idea is based on the deformed boson scheme investigated by 
the present authors. After a general framework is formulated, three examples which are 
treated in detail in Part (I) are investigated in concrete forms. In these treatments, Refs.4) 
and 5) play an essential role. 

In §2, a general framework is presented. Section 3 is devoted to giving two examples 
which lead to an exact solution and an approximated one with high accuracy for the basic 
equations given in §2. One is closely related to the su{l, l)-algebra. In §4, a straightforward 
generalization from the conventional boson coherent state is discussed in a possible approx- 
imated form. Further, in §5, the forms discussed in §§2, 3 and 4 are formulated in terms of 
the MYT boson mapping. Finally, in §6, the case discussed in §4 is reinvestigated in a form 
simpler than that given in §4. 

§2. General framework 

With the recapitulation of Part (I), let us, first, give a basic framework of our present 
form. In (I), we investigated two states \ch) and \sh) consisting of one kind of boson operator 
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(c, c*) separately, but intimately. They are defined as follows 



\ch) = dr. 
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n=0 (2n + 

Here, (7, 7*) denotes a set of complex parameters and \k) {k — 2n, 2n + 1) is defined as 



\k)^il/Vk\){cr\0) , (5|0) = 0). 
The function f{k) characterizes a deformation of boson operator and obeys 

/(0) = 1, /»>0, {k ^ 1,2,3, ■■■) . 



(2-4) 



(2-5) 



It may be self-evident that the states \ch) and \sh) consist of even- and odd-boson number 
states, respectively. 

Main aim of this paper, Part (II), is to investigate a unified form of \ch) and \sh). First, 
we introduce a state \cr) defined as 



|cr) = u\ch) + {'J* /\'j\)v\sh) 



{{cr\cr) = 1) 



(2-6) 



Here, {v, v*) denotes a set of complex parameters additional to the set (7, 7*). The quantity 
u is real and obeys 

u'^ + \v\'^^l. (2-7) 

li V — or u — {v — 7/I7I), |cr) is reduced to \ch) or \sh), respectively. Further, |cr) is 
reduced to the state \ex) introduced in the relation (4.1) in (I) under the condition 



u 



(2-8) 



The above tells us that |cr) at three limits is reduced to the three types of the states which 
we have already investigated. In this sense, the state |cr) defined in the relation (2-6) is a 



possible unified form of \ch) and \sh). It should be noted that the state |cr) is reduced to the 
conventional boson coherent state if f{k) = 1 under the condition (2-8). The above permits 
us to conclude that \cr) is a state stressing even-odd boson number difference. 
After rather tedious calculation, the following relation is derived : 



{cr\d,\cr) = (1/2) • {v* ■ d,v - v d,v*) 

+ (1/2) .(7* -9,7 -7 -5.7*) 

X u\r'/ru + \vN{r'/r),j, 
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(2-9a) 



Instead of two sets (7,7*) and {v,v*), we introduce two sets (c, c*) and {r),r]*) which obey 



{cr\dc\cr) = (l/2)c* , {cr\dc*\cr) = -(l/2)c , 
(cr|(9^|cr) = (l/2)?7* , {cr\drj*\cr) = —(1/2)?] . 



(2-10) 

(2-11) 



The parameters (c, c*) and {rj,rj*) obeying the conditions (2-10) and (2-11) can be regarded 
as canonical variables in classical mechanics. Our present problem is to express (7, 7*) and 
{v,v*) in terms of (c, c*) and (77,77*). For this purpose, we set up the following forms for 7 
and V : 
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(2-12) 
(2-13) 



Here, Fcr and Gcr are functions of |cp and |?7p (or I7P and |f P), the explicit forms of which 
should be determined. The forms (2-12) and (2-13) give us 



7* • a,7 - 7 ■ '9e7* = c* ■ (l/v^2|cP)^F,, , 

V* ■ dcV — V ■ dfOj* = , 

7* ■ (9^7 - 7 ■ (9^7* = , 

V* ■ djjV — V • djjV* — 77* • Gcr ■ 



(2-14) 



With the aid of the relation (2-14), the conditions (2-10) and (2-11), together with the 
relation (2-9), lead to 



F — 



Gcr — 1 ■ 



U 



'ir'/ru + \v\'{ir'/ru-\jr) 



-1 



(2-15) 
(2-16) 
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The form (2-12) with the relation (2-15) gives us 

2|c|^ = |7r [u\r'/ru + \v? {{r'/ru - ItI"')] ■ (2-i7) 

The relation (2-13) with the form (2-16) leads to 

v^ri . (2-18) 

The right-hand side of the relation (2-17) is a function of |7p and jr^p (= |f P), and then, 
by solving the relation (2-17) inversely, we can determine |7p as a function of |cp and |?7p. 
Thus, by substituting |7p into the relation (2-15), F^r can be determined as a function of 
|cp and jryp and with the use of the form (2-12), 7 can be expressed as a function of (c, c*) 
and (77, 77*). 

Next, let us investigate the relations to the l)-algebra. In (I), we discussed the 
expectation values of the set (t±,o) defined as 

f+ = (c*)V2, f_ = (c)V2, fo = c*c/2 + l/4. (2-19) 

The set (t±^o) obeys the su{l, l)-algebra. It is instructive to investigate the expectation value 
of {'T±,o) for the su{l, l)-coherent state. The above reahzation provides the value —3/16 for 
the Casimir operator C — Tq — {r^r^ + t^tJ)/2, namely, C = t{t — 1) = —3/16. Thus, two 
lowest weight states occur, that is, |0)o and |0)i for t = 1/4 and 3/4, respectively. Therefore, 
two type of the su{l, l)-coherent state can be constructed on the two lowest weight states. 
The sm(1, l)-coherent state based on |0)o is defined by 

|7)o = (1 - 7*7)'/'exp(7f+)|0)o , (2-20) 
f_|0)o = 0, fo|0)o = ||0)o. 

Here, this coherent state gives the expectation values as 



(t+)o = o(7|T+|7)o = = Vl/2 + W cl , 



1 


7* 


2 1 


-7*7 


1 


7 


21 


-7*7 



Co + icor > 

(ro)o = o(7|fo|7)o = ^j^^ + \ = \^\" + \^ (2-21) 



where we define Cq = y 1/2 ■ 7/\/l — 7*7. On the other hand, the sm(1, l)-coherent state 
based on |0)i is defined by 

l7)i = (l-7*7f/'exp(7f+)|0)i, (2-22) 
f_|0)i = 0, fo|0)i = ^|0)i. 
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Here, this coherent state gives the expectation values as 

= i(7|f+l7)i = = ^3/2+1^11^ c\ , 
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(ro)i = .(Tlfob), = + 5 = 1-^11^ + 5. (2-23) 

where we define c\ — ^^3/2 • 7/^/! — 7*7. Here, q is the dynamical canonical variable. In 
general, the expectation value of Tq has the form (tq) = |cp + t. Therefore, |7)o and |7)i, 
which give C — —3/16, provide the value t = 1/4 and 3/4, respectively. The unified form of 
17)0 and 17)1 can be given similar to the state (2-6) as 

W)=a\^)o + (5\i)i. (2-24) 

Here, it should be noted that a can be taken as a real number and it can be expressed in 
terms of fi because of the normalization condition : 

(iZ/|iZ/) = + = 1 . (2-25) 

Thus, (7,7*) and {P,P*) can be regarded as dynamical variables. The expectation values of 
su{l, l)-generators are obtained as 

(*^|f+|*^) = ^^-^^(a*a + 3/3*/3) , 
{^\f-\^) = lY^{a*a + 3i3*i3), 

{^\fom = ll±^(a*a + 3f3*f3) . (2-26) 
4 1 — 7*7 

Further, we obtain the following relation : 

^m^) - {4r\^)) = - + ^ ■ • {a*a + 3(3*(3) , (2-27) 

where a*a — 1 — in Eqs.(2-26) and (2-27). Thus, we can introduce the set of canonical 
variables (6, b*) and {c^, (^) as follows : 

= l^ ^L^ ^a*a + 3/3*/3 , 4 ^ J- ^L^ ^a*a + ?>(3*(3 . (2-28) 
V2 V 1 - 7 7 V2 Vl - 7 7 
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By using these canonical variables, the expectation values in Eq.(2-26) can be expressed as 

{^\t+\^) = 4^1/2 + |6|2 + |c^|2 , 

{^\f_m = c^y^l/2 + |6|2 + |c^|2 , 

{'^\fo\^) = \c^\^ + \b\y2 + l/A. (2-29) 

Here, from the normahzation condition (2-25), we obtain < |&| (= < 1. Thus, we 
conclude that t has the values from 1/4 to 3/4. 

According to the previous paper (I), that is Eq.(4.15) in (I), the boson coherent states 
with even and odd boson numbers respectively which we introduced, namely \ch) and \sh), 
provide the expectation value of fo as 

1 U|2 /p'\ I 

{ro)ch = {ch\fo\ch) ^ 1 + ^ ' [Yj =4 + 1^1^ > 

\ / ch 

(ro)sh^{sh\fo\sh) = ^+^-^-(^] ^l + \c\'. (2-30) 

\ / sh 

On the other hand, the expectation value of (f±^o) ioi the state |cr), which we denote (T±_o)cr) 
are simply expressed as 

(T-±,o)cr = M^(r±,o)c/i + \v\'^{r±,o)sh ■ (2-31) 

The explicit forms of {T±^o)ch and (r-t o)s/i are given in the form (4.10) and (4.11) in (1). In the 
present case, the relation (2-31) with the relations (4.10), (4.11) in (I) and (2-17) presents us 

(ro)cr- = |cp + \v\V2 + 1/4 . (2-32) 

Since I77I (= |^;|) has the value between and 1, the state |cr) thus gives the value from 
t = 1/4 to 3/4, where i = 1/4 + \ri\'^/2. 

The interest in (II) is concerned with the expectation value of c itself. It is given in the 
following form : 

{C)cr = UV\^\ ■ /rVnl (/(^))e/. + «^*(^Vl7l) " {f^^^)sh ' ^^'^^^ 

The explicit form will be shown in some concrete examples. 



§3. Two examples 

In this section, we show two concrete examples. One is the case discussed in §6 of (I) 
and the other in §7 of (I). Let us start in the following case treated in §6 of (I) : 

/(2n) = 2n + l, /(2n - 1) = 1 . (3-1) 
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In the treatment in (I), this case satisfies the relation of the Poisson bracket of the su{l,l)- 
algebra. The quantities Fch, r'^h, and F'^^ are calculated as 



r.H = (1 - \i\r"' , - i7r(i - \i\r"' , 

FsH = 17^(1 - 17^)-^/^ , = (1 - 17^)-^/^ + 317^(1 - 17^)-^/^ 



Thus, we have 



{r'/ru 



iV(i-i7r), 



With the use of the relation (3-3), Fcr defined in the form (2-15) is given by 



For = h\' K • 1^1/(1 - 1^1) + 1^1- 3i7i7(i - i7r) 
_ 1 - i7r 



1 + 2|t;|2 ■ 

Then, the relation for expressing 171"^ as a function of |cp and is obtained 

The solution of Eq.(3-5) and Fcr are obtained as 

" l + 2|77|2 + 2|c|2 ' 
1 

" l + 2|77|2 + 2|c|2 ■ 



(3-2a) 
(3-2b) 



(3-3a) 
(3-3b) 



(34) 



(3-5) 



(3-6) 
(3-7) 



Thus, 7 can be expressed in terms of (c, c*) as follows : 

7 = ^^ • [^l/2 + H2 + |c|2] . (3-8) 
The relation (2-31), with the aid of the relations (4.10) and (6.10) in (I), gives us 

{r.Ur = (772) • {u' ■ 1/(1 - 17^) + • 3/(1 - 17^)) • (3-9) 
Substituting the relation (3-8) into (3-9), we have 

(T_)e. = C^l/2+|7y|2+|c|2 . (340) 

It may be interesting to see that {T±^o)cr shown in the relations (2-32) and (340) still satisfies 
the relation of the Poisson bracket of the su{l, l)-algebra with t — 1/4 + \r]\'^/2 and t takes 
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the value between 1/4 and 3/4. This means that our present system is just mixture of the 
states with t = 1/4 and 3/4 and |?7p plays a role of the parameter determining the degree of 
the mixture. Thus, it is possible to regard |cr) as a unified form of \ch) and \sh). The above 
form was also discussed in Ref.2). 

Our interest is concerned with the expectation value {c)cr shown in the relation (2-33). 
In the present case, {f{N))ch and {f{N))sh are given as 



(/(iV))^^ = (1 - |7|-)-»/^ , 



Then, (c)cr can be expressed in the form 

ic)c 



u 



|7| 



t'*7 + v) 



With the use of the relation (3-8), (c)cr is given as 

X (^?7^1/2 + |r/|2 + |c|2 + 7^*c 

This form is identical to that derived in Ref . 2) . 

Next, we discuss the case which corresponds to that in §7 in (I) : 



/(2n) = x/2rr + T, /(2n - 1) = 1 . 

The quantities Fchi r^h^ ^sh and F^j^ are calculated as 

r,, = exp(|7|V2) , = |7rexp(|7|V2) , 

rsH = |7rexp(|7|V2) , = exp(|7|V2) + bl' exp(|7|V2) 

Thus, {r/r),h and {r'/r),h - bl"' are given as 

{r'/rin-{r'/r)^,-\^r 

Therefore, F^r is simply obtained in the form 



|7| 



u 



Far = |7l' 

Then, |7|^ and 7 are given in the form 



+ I'^l ■ I7I 



= 1 . 



l7r = 2|c| 



7 



V2c 



(3-lla) 
(3-llb) 

(3-12) 



(3-13) 



(3-14) 



(3-15a) 
(3- 15b) 



(3-16) 

(3-17) 

(3-18) 
(3-19) 
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The relation (2-31), together with the relation (7.9) in (I), gives us 

(t_),, ~ (1 - \r]\^)c^l/2 + |c|2 + |77| + ■ (3-20) 

The present case does not satisfy the relation of the Poisson bracket. 

Our next problem is to calculate the expectation value (c)cr-- In this case, the following 
formula is useful : 



(/(TV)) ^ V H^V2^ e-W'/^ 



7|4 + 1, (3-21a) 



. . ,,|4\n 

OO 



/HIV 

(/(^)),, = E • e"'"''^' = 1 ■ (3-21b) 



n=0 



Then, (c)cr can be expressed in the form 

{c\r = u{v*-i'' + ^;V|7|" + 1) . (3-22) 

The relation (3-12) gives us 



(c)e. = V2^l - W {ll^Jl/2 + |c|2 + r/*c) . (3-23) 

§4. An extension from the conventional boson coherent state 

In this section, we treat the case 

/(2n) = l, /(2n-l) = l. (4-1) 

The above corresponds to the case discussed in §3 in (I). It is a straightforward extension 
from the conventional boson coherent state under the idea of introducing the parameter 
{v,v*). In this case, Fch, r'^h^ ^sh and are calculated in the form 

r^h = cosh |7|^ , r^j^ = sinh \-f\^ , (4-2a) 

= sinh |7|2 , = cosh |7|2 . (4-2b) 

The above relation gives us 

ir'/rl,^Unh\^\\ (4-3a) 

(^7^).. - = i7r'(i7rcoth i7r - 1) • (4-3b) 
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With the use of the relation (4-3), Fcr is obtained in the form 



u 



jtanh I7I 



+ m 



|7pcoth I7P — 1 



The parameter \^\^ can be determined through the relation 



(4-4) 



|7| 



2\c\ 



I.e., 



l7r = 2|c|^ 



u 



tanh 


I7 


2 




7I 


2 



+ \v 



I7 


^ coth 


7 


2-1 




7 


4 



(4-5) 



However, we cannot determine |7|^ in terms of |cp. Then, in the same manner as that 
adopted in (1), we make approximation. Later, the idea will be shown. 

Since, in the present case, {f{N)f{N+l))ch = {f{N)f{N+l))sh = 1, the relation (4.10) 
in (I) gives us 

(r_),. = 7V2 = cjFrJ2 . (4-6) 



772 = c^F,,/2 . 

In order to calculate (c)„., Fch/r^h (= coth|7p) and Fsh/ Teh (= tanh|7p) are necessary. 
With the use of the relation (4-5), I7P can be expressed in terms of |cp and \rj\'^. Since, in 
this case, {f{N))ch = {f{N))sh = 1, the form (2-33) leads to 

-1 



(c)cr = - 



tanh 



7 



\ |7P 



\ 



tanh 


7 


2 




7I 


2 



• T] C 



(4-7) 



Of course, y^tanh 171^/171^ can be expressed as 



tanh 


I7 


2 


tanh(V2|c 






7I 


2 




V2\c 


\ ^ cr 



(4-8) 



It may be clear from the relations (4-6) and (4-7) that F^r expressed in terms of |cp and \r]\^ 
is necessary. This is our next task. 

First, let us show an idea which is a straightforward extension of that given in (I). In the 
region I7P ~ 0, F^r can be approximated as 



~ (1 - 2\r,\y3)-' + (1/3)(1 - 14|r7|Vl5)(l - 2\n\yS)-' ■ \^\' 



-(1/45)(1 - 4|r/|V7 - 44|r/|Vl05)(l - 2\r]\^/3y 



|7| 



(4-9) 



The above comes from the relation (4-4). With the use of the relation (4-5), iteratively, we 
obtain the following relation : 



|7|^ ~ (1 - 2|r^|V3)-^ • 2|c|^ + (1/3)(1 - 14|r7|Vl5)(l - 2\rj\y3)-' ■ (2|c|^) 



|2\2 



+ (4/45)(l - 46|r?|V21 + 376|r?|7315)(l - 2\r]\'^/3y ■ {2\c\'^)^ , 



(4-10) 
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I.e., 



F,, ~ (1 - 2|r7|V3)-^ + (1/3)(1 - 14|,7|Vl5)(l - 2\r^\' ■ {2\c\') 
+ (4/45)(l - 46|7;|V21 + 376|77|V315)(1 - 2|r?|V3)-^ ■ {2\c\''f 



In the region 



oo, the asymptotic form is given as 



Xi-N7l7l^)- 



With the use of the relation (4-5), we have 



P^2|cP + |r7p 



(4.11) 



(4-12) 



(4-13) 



I.e., 

Fe, ^2|c|2 + 2|7?|2 . (4-14) 

Therefore, our problem is to find Fcr which leads us to the form (4-11) in the region |c|^ ~ 
and to the form (4-14) at the hmit |cp — > oo. In Appendix of (I), we showed a possible 
method. In this paper, we adopt the following form : 



Fe, ~ pexp[-g • (2|c|') - r • {2\c\^f] + 2\c\^ + 2\r]\' 



(4-15) 



If g > and r > 0, the first term in the right-hand side of the form (4-15) asymptotically 
vanishes and the second term remains. We can prove that, if p, q and r take the values 
shown in the following, Fcr in the relation (4-15) is reduced to the form (4-11) : 

p=(l-2|r^|V3)- (4/3)17^^(1 -Ir^r), 

q = (2/3) [(1 - 44|r/|V45) - (14/9)|r^p(l - |r^p)(l - 2|7^|V7) 
x(l - 2|r^|V3)-^ f(l - 2|r^|V3)-^ - (4/3)|r^r(l - 



r = (2/15) 



(5/3) (1 - 44|r;|V45) - (14/9)|r^r(l - |r^n(l - 2|r;|V7) 



x(l - 2\r,\y3r' [(1 - 2|.^|V3) - (4/3)|r^p(l - 
-(2/3) [(1 - 314|r^|V315) - (376/315) |r;|2(l - {vl' 

x(l - 2|r?|V3)-^ f(l - 2|r?|V3) - {A/3M\l - \v\' 



(4-16) 



Thus, we can express the expectation value (T_)cr and (c)cr approximately in terms of (c, c*) 
and (77,77*). 
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§5. Deformation in the boson mapping method 

In Part (I), we formulated the boson-pair coherent states for the cases u — 1 and 
independently and the relation to the MYT boson mapping method was discussed. In this 
section, we contact with the MYT boson mapping for the present case. For this problem, 
we have already developed this investigation in the case (3-1) and, in this sense, the form 
treated in this section is a natural generalization from that developed in Ref . 2) . 

Following Part (I) and Ref. 2), we introduce the following orthogonal set : 

\-n) = \n)d , l+n) = C\n)d ■ (5-1) 

The state \ri)d denotes 

\n)d = {V^.)-\dT\0)d . = 0) (5-2) 

Here, {d, d*) is a set of a boson operator. Further, the operator {(, (*) denotes a set of a 
fermion operator obeying 

{C,C} = i, C' = C' = o, [c, d] = [c, i*] = o. (5-3) 

We set up the relation between the original and the new space in the following way : 

\2n) ~ |-n) , \2n + 1) ~ \+n) . (5-4) 

Then, the mapping operator U characterizing the MYT boson mapping is introduced in the 
form 

oo 

U (|-^)(2^l + \+n){2n + 1|) . (5-5) 

n=0 

Clearly, there exists the relation 

UU^ = U'^U = 1 . (5-6) 
The operators (f±_o) and c are mapped on the following form : 

T±,o = C>f±,oC>^ c = C/cC/t. (5-7) 

Explicitly, they are given as 



f+ = d*\Jl/2 + CC + d*d , 



fo = (l*d + l/4 + CC/2 , (5-8) 
c = {^ll/2 + H + d*d d + Cd) ■ V(l-CC)/(l/2 + CC) ■ (5-9) 



13 



The expressions (5-8) and (5-9) have been derived in Ref.2). 

The operator U determines the image of |cr), which we denote as |cr) 



cr 



-1 

cr I u exp 



7^ ^^, /(2M + //)/(2M + /x + l) 



\m) — exp 



\/2M + 2/i+ 1 
|0), 



|m) 



M V 



M = d*d , fi = CC ■ 
For the case (3-1), i.e., f{2n) —2n + l and f{2n — 1) = 1, we have 



|cr) = ^1 - |7|4 -uexp (j^ ■ d*^ M + 1/2 + fij \m) , 



i-i7rr 



|0) 



\m) — exp 

The case (3-14), i.e., f{2n) = ^2n + l and /(2n - 1) = 1, gives us 

= exp(— 17|''/4) M exp ^7^/\/2 • d*^ |m) , 



cr 



|m) = exp 



u 



|0). 



Further, the case (4-1), i.e., f{2n) = 1 and f{2n — 1) = 1, leads us to 



cr) = [J cosh I7 



u exp 



772 -d* [\JM + 1/2 + ft 



\m) 



|m) = exp 



'JV 



u 



coth|7|2.C* 



|0) 



(5-10) 

(5-lOa) 
(5-11) 

(5-12) 
(5-12a) 

(5-13) 
(5-13a) 



(5-14) 



(5-14a) 



The above three states show us that they are the quite natural generalization of the forms 
discussed in §8 in (I). The form (5-12) is of the same form as that discussed in Ref. 2). 



§6. Discussion 

In §3, we have shown two examples which are the exact inverses of the relation (2-17), 
and in §4 the approximate relation has been shown. In this section, much simpler forms 
than the forms given in the previous sections are discussed, while the form given in §4 is too 
comphcated. 
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For this purpose, we introduce two functions for |7p, namely, (tanh |7p)i and (tanh |7p)2, 
in the following forms : 



(tanh|7^)l = |7lV^/l + l7l^ (6-1) 
(tanh \^\% = 1717(^9/4 +|7r - 1/2) ■ (6-2) 

The behaviors of tanh |7p, (tanh |7p)i and (tanh |7p)2 in the regions |7p ~ and |7p — >■ cxo 
are summarized as follows : 

(1) In the region |7p ~ : 

tanh 17^- 17^(1 -(l/3)|7n, (6-3a) 

(tanh|7r)i~ 17^(1 -(l/2)|7r), (6-3b) 

(tanh |7|^)2~|7r(l- (1/3)171')- (6-3c) 

(2) In the region |7p — >• oo : 

tanh |7|^ ~ 1 - £ , (6-4a) 

(tanh|7|2)i ~ 1 -£ , (6-4b) 

(tanh|7|2)2 ~ 1 +£ . (6-4c) 

Here, e denotes a positive infinitesimal parameter. Then, concerning tanh |7p, we can con- 
clude that in the region |7p ~ 0, the behavior of (tanh|7p)2 is nearer that of (tanh|7p)i 
and in the region |7p — >• oo, the situation is in reversal. For coth |7p, we define (coth |7p)i 
and (coth |7p)2 in the form 

(coth |7r)i = (tanh |7r)r^ = + , (6-5) 

(coth 17^2 = (tanh 171^)2^ = (^9/4+17^ " U^) ■ (6-6) 

Under the above preparation, for two cases, we find |7|^ expressed in terms of 2|c|^. By 
substituting the forms (6-1) and (6-5) into the relation (4-5), we have 

21^1' - 1^1' I + / 1 ■ (6-7) 

^1+7^ a/1 +7^+1/ 



The relation (6-7) can be inversely solved in exact form, and through the relation |7|^ 
2|cp • {Fcr)i, we obtain 

|2 



{F,r)l = (1/2) 



(2|cr + 2|r^|2). 1+ 



^{2\c\'+\ri\Y + <l-\vn + (2 - \V?), 



+V(2|c|2+|r;|2)2 + 4(1-^2) 



(6-8) 
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Further, substituting the forms (6-2) and (6-6) into the relation (4-5), we have 



2icr = i7r 



u 



+ 



79/4 + |7|4 - 1/2 ^9/4+|7|4 + 3/2, 



(6-9) 



The relation (6-9) gives us 



{Fcr)2 = (1/2) 



l + (2|cr-2(l-2H^)) 



X 1 + 



2kP 



^(2|c|2-(l-2H2))2 + 8(l-H2) + (3 - 2|,7|2)^ 



+ J(2|c|2-(1-2|77|2))2 + 8(1- 



(6-10) 



In the regions 2|cp ~ and 2|cp — > 00, F^r, {Fcr)i and (Fcr)2 are approximated as follows 



(1) In the region 2|cp ~ : 

~ (1 - 2|r^|73)-^ + (1/3)(1 - 14|r^|Vl5)(l - 2|,7|V3)-=^ • 2\cf . 
(F ^ 2 4-3|r/p 

(F,,)^ ~ (1 - 2\nf/3)-' + (1/3)(1 - 8|77|V9)(1 - 2|r^|V3)-=^ -21012 



(2)In the region 2|cp 00 : 



F,r^2\c\^ + 2\r]\\ 
(F,,)i^2|cr + 2H% 
(i^cr)2 ^2|c|'-l + 3|r7|' . 



(6-lla) 
(6-llb) 
(6-llc) 

(6- 12a) 
(6-12b) 
(6-12c) 



It may be interesting to see that the relations (6-11) and (6-12) are in the situation similar 
to the relations (6-3) and (6-4). However, it should be noted that the form (6-8) or (6-10) 
are simple, and then, as a possible approximation, it may be useful for the case of the state 
|cr) characterized by the relation (4-1). 



Finally, we give a short comment on the functions (tanh |7p)i and (coth |7p 



1,2). 



These were introduced as numerical approximation of tanh I7P and coth |7p. Then, forget- 
ting the above-mentioned background, it may be interesting to investigate a problem which 
|cr) produces (tanh|7p)j and (coth|7p)j as {r'/r)ch,i and {r'/r)sh,i {i = 1,2), respectively. 
By integrating (tanh |7p)i and (coth |7p)i by |7p, we have 



rch,i = exp 



l7lV(l + Vl + l7n 
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r.M= 171-2/(1 + VI + l7r)exp 
rch,2 = a/a/9/4+|7|4-1/2 exp 



|7|7(l + Vl + l7 



|7|7(3/2 + ^9/4+171^) 



n,,2 = |7nV 3/(3/2 + 79/4+|7|4) exp |7|V(3/2 + ^9/4 + H^) 



(6-13a) 



(6-13b) 



As is clear from the relation (2-3), rch,i and Ts/j^j should be regarded as the forms obtained 
by the sum of the power series expansion for |7p. However, such functions as and 
V'9/4 + |7|^ cannot be expanded for I7P in the region I7P > 1. Therefore, in the present 
framework where \\ch) and \\sh) are of the forms shown in the relation (2-2), our idea is 
powerless, and we have to give the negative answer inevitably. In Part (III), this problem 
will be discussed where f{2n — 1) and f{2n) characterizing the deformation depend on the 
parameter |7p. 
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